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This paper proves the uniqueness of solutions to the time dependent drift
diffusion semiconductor equations in three dimensions with L2 initial data. This
answers the open problem raised by da Veiga. Q 1999 Academic Press
1. INTRODUCTION
In this paper we prove the uniqueness of weak solutions to the semicon-
ductor equations
yDc s p y n q f , 1.1Ž .
n y = ? D =n y m n =c s r n , p 1 y np , 1.2Ž . Ž . Ž . Ž .t 1 1
p y = ? D =p q m p =c s r n , p 1 y np , 1.3Ž . Ž . Ž . Ž .t 2 2
in a bounded domain V : R3 with mixed Dirichlet]Neumann boundary
conditions
›c › n › p
c , n , p s c , n , p , , , s 0, 0, 0 1.4Ž . Ž . Ž . Ž .G D D DD ž /›h ›h ›h GN
and initial conditions
2 2n , p s n , p g L V = L V . 1.5Ž . Ž . Ž . Ž . Ž .ts0 0 0 q q
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The unknowns c , n, and p denote the electrostatic potential, the free
electron carrier concentration, and the free hole concentration, respec-
Ž . ‘Ž .tively. f s f x g RL V represents the impurity density, and D and mi i
Ž .i s 1, 2 are positive constants denoting the diffusion coefficients and the
Ž .mobilities, respectively, and for simplicity we assume D s m s 1 i s 1, 2 .i i
Ž . Ž .Ž .R n, p s r n, p 1 y np is the net recombination rate, such as the right-
Ž . Ž .hand side term where r n, p satisfies 0 F r n, p F r - q‘ and1
b
< < < < < < < < < < < <R n , p y R n , p F C 1 q n q n q p q p n y n q p y pŽ . Ž .Ä Ä Ä Ä Ä ÄŽ . Ž .
1.6Ž .
for b F 4r3 with positive constants r and C. The bounded domain V1
denotes the semiconductor device whose boundary › V usually satisfies
› V s G j G , G l G s B, mes G ) 0, › V g C 0, 1Ž .D N D N D
1.7Ž .
and h is the unit outward normal vector to › V.
1Ž . ‘Ž .c , n , p g H V l L V with n , p G 0, a.e. in V and they areD D D D D
usually assumed independent of time t.
w x Ž . Ž .da Veiga 1 proved the global existence of weak solutions to 1.1 ] 1.7
for V : Rm. He also obtained the uniqueness of weak solutions under the
condition that m F 4 and if u satisfies
yDu s g ,
› u 1.8Ž .
<u s u , s 0,G DD ›h GN
then
5 5 1 , m 5 5 1 5 5 2u F C u q g , 1.9Ž .Ž .W ŽV . H ŽV . L ŽV .D
where m s 3 and 4, and m is replaced by m q e for some positive
Ž .constants e when m s 2. Equation 1.9 is true for m s 2, but when
Ž . Ž w x.m ) 4, 1.9 is completely invalid as remarked in 1 , and when m s 3,
Ž .the condition 1.9 imposes a restriction on the boundary › V. For m G 3,
Ž .the uniqueness without the condition 1.9 is still open. In the present
paper we will prove the uniqueness of weak solutions for m s 3 without
Ž .the use of 1.9 . Of course, the crucial step of our proofs consists of finding
appropriate a prior estimates.
We mention that when n , p g L‘ , the existence and uniqueness are0 0 q
Žw x Ž .well known 2]5 and references therein .
In the next section, we will give some a priori estimates. In Section 3 we
give the main result and its proof.
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2. PRELIMINARIES
w xThe global existence of weak solutions has been proved in 1 and the
following estimates hold,
5 5n G 0, a.e. in V = 0, ‘ , n F C , 2.1Ž . Ž .V
5 5p G 0, a.e. in V = 0, ‘ , p F C , 2.2Ž . Ž .V
5 5 B( 2Ž .. 2Ž 1Ž ..where ? denotes the norm in V s L 0, T ; L V l L 0, T ; H VV
and
5 5 ‘ 1c F C 2.3Ž .L Ž0 , T ; H ŽV ..
for any T ) 0, where C ) 0 is a constant depending only on the known
data.
w Ž . Ž . Ž . Ž .xUsing the standard techniques in 6, 1.1 , 1.4 , 2.1 , and 2.2 , Lem-
ma 2.1 can be easily proved and we omit the proof here.
LEMMA 2.1.
5 5 ‘c F C. 2.4Ž .L ŽV=Ž0 , T ..
LEMMA 2.2.
T 2 2< <n q p =c dx dt F C. 2.5Ž . Ž .H H
0 V
Ž . Ž . ‘ Ž . ‘ Ž .Proof. We approximate n , p by n , p g L V = L V with0 0 0e 0e q q
5 5 2 5 5 2n y n q p y p “ 0, as e “ 0. 2.6Ž .L ŽV . L ŽV .0e 0 0e 0
Ž . Ž . Ž . Ž .Let c , n , p denote the solution of 1.1 ] 1.7 with n , p replaced bye e e 0 0
Ž . w xn , p . In 1 , da Veiga proved0e 0e
5 5 ‘ 1c y c “ 0, 2.7Ž .L Ž0 , T ; H ŽV ..e
5 5n y n “ 0, 2.8Ž .Ve
5 5p y p “ 0, as e “ 0 2.9Ž .Ve
and
c “ c , n “ n , p “ p , a.e. in V = 0, T , 2.10Ž . Ž .e e e
=c “ =c , =n “ =n , =p “ =p , a.e. in V = 0, T , as e “ 0,Ž .e e e
2.11Ž .
5 5 ‘ 5 5 ‘n q p - C e . 2.12Ž . Ž .L ŽV=Ž0 , T .. L ŽV=Ž0 , T ..e e
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Now we consider the problem
yDc s p y n q f 2.13aŽ .e e e
›ce
<c s c , s 0. 2.13bŽ .Ge DD ›h GN
Ž . wŽ .2 Ž .2 xMultiplying 2.13a by n q p y n q p c and integrating overe e D D e
Ž . Ž .V = 0, T , we integrate by parts and use 2.13b to obtain
T 2 2< <n q p c dx dtŽ .H H e e e
0 V
T 2 2s n q p =cŽ . Ž .H H D D e
0 V
t
y2 c n q p = n q pŽ . Ž .H H e e e e e
0 V
y n q p = n q p =c dx dtŽ . Ž .D D D D e
T 2 2q p y n q f n q p y n q p c dx dtŽ . Ž . Ž .H H e e e e D D e
0 V
T 22
‘5 5F n q p =c dx dtŽ .L ŽV .H HD D e
0 V
T 2 21 < <q n q p =c dx dtŽ .H H e e e2
0 V
T2 2 2
‘5 5 < < < <q4 c =n q =p dx dtŽ .L ŽV=Ž0 , T ..H He e e
0 V
1r2
T 2
‘ ‘5 5 5 5 < <q2 n q p c =c dx dtL ŽV . L ŽV=Ž0 , T .. H HD D e ež /0 V
1r2
T 2
= = n q p dx dtŽ .H H D Dž /0 V
T 2 2q p y n q f n q p y n q p c dx dt.Ž . Ž . Ž .H H e e e e D D e
0 V
Using the preceding inequality and the parabolic Sobolev inequality
5 5 2Ž mq2.r m 5 5u F C u , 2.14Ž .L ŽV=Ž0 , T .. V
Ž . Ž . Ž .for m G 2, 2.7 ] 2.12 , and Fatou's lemma, we immediately obtain 2.5 .
This completes the proof.
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U ‘Ž 2Ž ..LEMMA 2.3. Let V denote the dual space of V s L 0, T ; L V l0 0
2Ž 1Ž ..L 0, T ; H V j G . Then we ha¤e0 N
5 5 Un F C , 2.15Ž .Vt 0
5 5 Up F C. 2.16Ž .Vt 0
Ž . Ž .Proof. We only prove 2.15 . The proof of 2.16 is completely the same
Ž . Ž . Ž . Ž .as that for 2.15 . For f g V, we see that by 2.1 , 2.5 , and 2.14 ,
T T T
n ? f s y =n y n =c ? =f dx dt q R n , p f dx dtŽ . Ž .H H H H H Ht
0 V 0 V 0 V
5 5 2 5 5 2 5 5 2F =n q n =c =fŽ .L ŽV=Ž0 , T .. L ŽV=Ž0 , T .. L ŽV=Ž0 , T ..
T
< <q r 1 q np f dx dtŽ .H H1
0 V
5 5F C f .V0
The proof is complete.
3. UNIQUENESS
Now we are in a position to prove the uniqueness of the weak solutions
in the case of m s 3.
Ž . Ž .THEOREM 3.1. There exist at most one weak solutions to 1.1 ] 1.7 .
Ž . Ž .Proof. Let c , n , p and c , n , p be two weak solutions to1 1 1 2 2 2
Ž . Ž . Ž .1.1 ] 1.7 . Then c y c , n y n , p y p satisfies1 2 1 2 1 2
yD c y c s p y p y n y n , 3.1Ž . Ž . Ž . Ž .1 2 1 2 1 2
n y n y = ? = n y n y n y n =cŽ . Ž . Ž .Ž .1 2 1 2 1 2 1t
s y= ? n = c y c q R n , p y R n , p , 3.2Ž . Ž . Ž . Ž .Ž .2 1 2 1 1 2 2
p y p y = ? = p y p y p y p =cŽ . Ž . Ž .Ž .1 2 1 2 1 2 1t
s y= ? p = c y c q R n , p y R n , p , 3.3Ž . Ž . Ž . Ž .Ž .2 1 2 1 1 2 2
c y c , n y n , p y p s 0, 0, 0Ž . Ž .G1 2 1 2 1 2 D
› c y c › n y n › p y pŽ . Ž . Ž .1 2 1 2 1 2
, , s 0, 0, 0 , 3.4Ž . Ž .ž /›h ›h ›h GN
n y n , p y p s 0, 0 . 3.5Ž . Ž . Ž .1 2 1 2 ts0
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Ž .Multiplying 3.2 by n y n g V and integrating by parts, we get1 2 0
1 d 22n y n dx q = n y n dxŽ . Ž .H H1 2 1 22 dt V V
s n y n =c ? = n y n dxŽ . Ž .H 1 2 1 1 2
V
q n = c y c ? = n y n dxŽ . Ž .H 2 1 2 1 2
V
q R n , p y R n , p n y n \ I q I q I .Ž . Ž . Ž .Ž .H 1 1 2 2 1 2 1 2 3
V
3.6Ž .
I , I , and I can be bounded as1 2 3
1
2 2 45 5I F p y n q f L ŽV .5 n yn 5 L ŽV .1 1 1 1 22
C 3r21r2
2 25 5 5 5 2F p y n q f n y n = n y n , 3.7Ž . Ž .L ŽV . L ŽV . Ž .L V1 1 1 2 1 22
2 2I F n = c y c = n y n .Ž . Ž .Ž . Ž .L V L V2 2 1 2 1 2
5 Ž .5 2For the term n = c y c , we see thatL ŽV .2 1 2
22n = c y c dxŽ .H 2 1 2
V
s y2 c y c n =n ? = c y c dxŽ . Ž .H 1 2 2 2 1 2
V
2q p y p n y n n c y c dxŽ . Ž . Ž .H 1 2 1 2 2 1 2
V
2 2 21 2
‘ 25 5 5 5F n = c y c dx q 2 c y c =nŽ .H L ŽV . L ŽV .2 1 2 1 2 22
V
5 5 2 4 5 5 ‘ 5 5 2 5 5 2q n c y c p y p q n y n ,Ž .L ŽV . L ŽV . L ŽV . L ŽV .2 1 2 1 2 1 2
which leads to
2 2 2 22 2 1 2 25 5 5 5 5 5n = c y c dx F C n n y n q p y p .Ž . Ž .H H ŽV . L ŽV . L ŽV .2 1 2 2 1 2 1 2
V
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Thus we have
1 2 25 5 5 5 2I F C n n y n = n y n . 3.8Ž . Ž .Ž .H ŽV . L ŽV .q 5 p yp 5 L ŽV . Ž .L V2 2 1 2 1 21 2
w xThe term I can be estimated using the same argument as in 1 , so we get3
2
Ž . 3r23 by1 r2 1r2
25 51 2I F C 1 q n , p n y n = n y nŽ . Ž .Ý L ŽV .Ž . Ž .žH V L V3 i i 1 2 1 2ž /
is1
3r21r2
25 5 2q p y p = p y p . 3.9Ž . Ž .L ŽV . Ž . /L V1 2 1 2
Ž . Ž . Ž .Inserting 3.7 ] 3.9 into 3.6 we conclude that
d 22n y n dx q = n y n dxŽ . Ž .H H1 2 1 2dt V V
22 2F C d , t n y n q p y p dx q d = p y p dxŽ . Ž . Ž . Ž .H H1 2 1 2 1 2
V V
3.10Ž .
T Ž . Ž .for any positive constant d with H C d , t dt - q‘. Multiplying 3.3 by0
p y p g V , integrating by parts, and following the same procedure as1 2 0
Ž . Ž .for 3.6 ] 3.9 , we infer that
d 22p y p dx q = p y p dxŽ . Ž .H H1 2 1 2dt V V
22 2F C d , t n y n q p y p dx q d = n y n dxŽ . Ž . Ž . Ž .H H1 2 1 2 1 2
V V
3.11Ž .
T Ž .for any positive constant d with H C d , t dt - q‘.0
Ž . Ž . Ž . Ž .Choosing d - 1 in 3.10 and 3.11 , then summing 3.10 and 3.11 , we
have
d 2 2n y n q p y p dxŽ . Ž .H 1 2 1 2dt V
2 2F C t n y n q p y p dx 3.12Ž . Ž . Ž . Ž .H 1 2 1 2
V
T Ž . Ž .with H C t dt - q‘. Applying Gronwall's inequality, we obtain n , p0 1 1
Ž . Ž .s n , p and thus c s c from 3.1 . This proves our uniqueness2 2 1 2
theorem.
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